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In a recent letter we have outlined some issues on GW 150914, we hereby give additional details.
We analyze the event GW 150914 announced by the Advanced Laser Interferometer Gravitational-
Wave Observatory (LIGO) as the gravitational-wave emission of a black-hole binary merger. We
show that the parameters of the coalescing system and of the newly formed Kerr black-hole can be
extracted from basic results of the gravitational-wave emission during the inspiraling and merger
phases without sophisticate numerical simulations. Our strikingly accurate estimates are based on
textbook formulas describing two different regimes: 1) the binary inspiraling analysis treated in
Landau and Lifshitz textbook, 2) the plunge of a particle into a black-hole, treated in the Rees-
Ruffini-Wheeler textbook as well as 3) the transition between these two regimes following Detweiler’s
treatment of a particle infalling with non-zero angular momentum onto a black-hole. It is stressed
that in order to infer any astrophysical information on the masses of the system both regimes have
to be independently and observationally constrained by LIGO, which does not appear to be the
case.
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I. INTRODUCTION
In a recent letter [1], we have pointed out some is-
sues related to GW 150914, the recently announced
gravitational-wave signal by the Advanced Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO) [2].
We give in this work additional details.
By using numerical relativity templates of the
gravitational-wave emission of black-hole binary mergers,
the LIGO-Collaboration concluded that the signal, which
lasts 0.2 s with increasing gravitational-wave frequency
from 35 to ∼ 150 Hz, was emitted during the inspiral
and merger of a black-hole binary system, followed by
the subsequent ringdown of the newly formed black-hole.
The binary black-hole parameters obtained from this
analysis are: mBH,1 = 36
+5
−4 M, mBH,2 = 29
+4
−4 M, and
a luminosity distance to the source dL = 410
+160
−180 Mpc
(cosmological redshift z = 0.09+0.03−0.04), adopting a flat
Λ-cold-dark-matter cosmology with Hubble parameter
H0 = 67.9 km s
−1 Mpc−1, and matter and dark-energy
density parameter Ωm = 0.306 and ΩΛ = 0.694, re-
spectively. The mass and spin parameter of the newly
formed black-hole are mBH = 62
+4
−4 M and α ≡
cJBH/(Gm
2
BH) = 0.67
+0.05
−0.07, respectively, being JBH the
black-hole angular momentum.
There are two markedly different regimes in the evolu-
tion of coalescing binary black-holes: I) the quasi-circular
inspiraling phase and II) the final plunge, merger and
subsequent ringdown of the newly formed black-hole.
We show in this work that the general features of this
system can be inferred from a simple analysis of the
gravitational-wave signal on the light of the foundations
of the gravitational-wave theory and from three classic
results: 1) the analysis of the inspiraling phase of a bi-
nary system of point-like particles (regime I, see [3]), 2)
the plunge, merger and ringdown analysis based on the
approximation of a test-particle falling into a black-hole
(regime II, see [4, 5] as well as [6] and appendices therein),
and 3) the transition from regime I to regime II based on
the approximation of a test-particle falling with non-zero
angular momentum into a black-hole [7, 8]. Our treat-
ment evidences that, for the validity of the binary inter-
pretation, it is essential that both regime I and regime II
be independently constrained by observations with com-
parable accuracy.
II. REGIME I: THE INSPIRAL PHASE
The presence of a binary system is the first fundamen-
tal assumption to be confirmed by observational data. A
binary system, by emitting gravitational-waves, evolves
first through what we call here regime I, namely the in-
spiral phase in which the binary follows quasi-circular
orbits. The gravitational-wave energy spectrum in this
phase can be estimated from the traditional formula of
the quadrupole emission within the classic point-like ap-
proximation [3, 6, 9, 10]
dE
df
=
1
3
(piG)2/3νM5/3f−1/3, (1)
where ν ≡ µ/M is the so-called symmetric mass-ratio
parameter, with µ = m1m2/M the binary reduced
mass, M = m1 + m2 the total binary mass, and f is
the gravitational-wave frequency. We recall that f =
2forb, where forb is the orbital frequency, i.e. forb =
ωorb/(2pi) =
√
GM/r3/(2pi) and r the binary separation
distance. We recall that the quantity Mchirp ≡ ν3/5M is
referred to in the literature as the binary chirp mass.
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2A. Analysis of GW 150914
In order to extract information from the signal related
to the regime I it is necessary to make an analysis of the
frequency evolution with time since, within this approx-
imation, the binary chirp mass is given by:
Mchirp =
c3
G
(
5
96pi8/3
f˙
f11/3
)3/5
. (2)
We fit the evolution of the frequency with time in GW
150914 which leads to Mobschirp ≈ 30.5 M, in agreement
with the LIGO analysis, Mobschirp = 30.2
+2.5
−1.9 M, in the
detector-frame [11]. We recall that the total mass in the
source-frame is M = Mobs/(1 + z).
From the definition of chirp mass it follows that the
total mass of the system is M = Mchirp/ν
3/5. Thus, since
0 < ν ≤ 1/4, the above value of the chirp mass implies
for the total mass a range 70.07 .Mobs/M <∞ in the
detector-frame.
When the conservative quasi-circular dynamics follow-
ing the classic point-like approximation breaks down, the
regime II, namely the final plunge, merger and ringdown
of the newly formed object, sets in (see section III).
We denote the gravitational-wave frequency at which the
quasi-circular evolution ends as the plunge starting fre-
quency, fplunge. We adopt here as an estimate that of
the last stable orbit (LSO) of a test-particle around a
Schwarzschild black-hole:
fplunge ≈ fLSO = c
3
G
1
63/2piM
≈ 4.4M
M
kHz. (3)
Thus, the total energy radiated during regime I can be
estimated from the binding energy of the LSO which,
by extrapolation to the case of a binary of comparable
masses, reads
∆Einspiral = (1−
√
8/9)µc2 = (1−
√
8/9)ν2/5Mchirpc
2,
(4)
which for the above value of the chirp mass implies a
range 0 < ∆Einspiral .Mc2/(1 + z).
III. REGIME II: PLUNGE, MERGER AND
RINGDOWN
After the regime I of quasi-circular inspiral evolution, it
starts the regime II composed by the plunge, merger and
ringdown, as first analyzed in Ref. [4, 5] for a test-particle
falling radially into a Schwarzschild black-hole. It was
shown in Refs. [4, 5] that the gravitational-wave spectrum
in this regime II is dominated by the l = 2 multipole
(quadrupole) emission and that the largest gravitational-
wave emission occurs from r ≈ 3GM/c2, at the maximum
FIG. 1. R¨l factors of the Riemann tensor components as a
function of the retarded time for l = 2, 3, 4. Figure repro-
duced from Ref. [5] with kind permission of the authors.
of the effective potential
Vl(r) =
(
1− 2mBH
r
)
× (5)[
2λ2(λ+ 1)r3 + 6λ2mBHr
2 + 18λm2BHr + 18m
3
BH
r3(λr + 3mBH)2
]
where λ = (l − 1)(l + 2)/2, and the black-hole horizon.
It was there shown that in the limit of large l, the con-
tribution of each multipole to the spectrum peaks at the
gravitational-wave frequency
f lpeak =
c3
G
√
(Vl)max ≈ c
3
G
l
2pi
√
27M
, (6)
while the total spectrum obtained by summing over all
the multipoles peaks at
fpeak ≈ c
3
G
0.05
M
≈ 10.36M
M
kHz. (7)
The signature of the particle infalling is imprinted
in the multipolar structure of the signal. The
asymptotic expression of the tide-producing compo-
nents of the Riemann tensor are [5]: R2020(r
∗, t) =∑
l R¨l(r
∗, t)Wl(θ)/(
2pi
√
2r), where the angular depen-
dence factor is Wl(θ) = (∂
2/∂θ2 − cot θ∂/∂θ)Yl0(θ),
being Yl0 the spherical harmonics and r
∗ = r +
2GM/c2 ln[c2r/(2GM)− 1] (see figure 1).
That the multipole spectra obtained in [4] were asso-
ciated with the 2l-pole normal-mode vibrations of the
black-hole, excited by the gravitational-wave train pro-
duced by the in-falling body, was then shown in [12].
Thus, the gravitational-wave spectrum from the peak
on is governed by the emission of the vibrational en-
ergy of the black-hole driven by gravitational-wave ra-
diation. Such vibrations are known today as black-hole
“ringdown” or “ringing tail” [4].
The total gravitational-wave spectrum in the regime
II has a peaked form [4, 6] (see figure 2): it first has
a raising part that follows a power-law behavior, then
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FIG. 2. Spectrum of the gravitational-wave radiation (l = 2
multipole) emitted by a test-particle of mass m falling radially
into a black-hole of mass M (in geometrical units). This figure
has been adapted from the original one in [4].
reaches a maximum to then falling off rapidly. This form
of the spectrum was already evident from the first ideal-
ized analysis of the radially infalling particle problem in
Ref. [13] that considered the motion of the test-particle
in the Schwarzschild metric, but the radiation was there
estimated in a flat-space linearized theory of gravity.
The spectrum raises during the plunge following ap-
proximately a power-law(
dE
df
)
plunge
∝ Gµ
2
c
(
4piGMf
c3
)4/3
; (8)
then it reaches a maximum at the peak frequency (7),
the approximate point of the merger, and then it falls off
at large frequencies approximately as the exponential(
dE
df
)
ringdown
∝ Gµ
2
c
exp(−9.9× 2piGMf/c3) (9)
during the ringing. The spectrum of the l = 2 multi-
pole radiation, obtained numerically in [4], is shown in
figure 2. We have indicated the location of the plunge,
merger and ringdown phases in the frequency-domain.
Clearly, one can obtain an approximate formula of the
spectrum from the interpolation function
dE
df
≈
[
1
(dE/df)plunge
+
1
(dE/df)ringdown
]−1
. (10)
The contribution of each multipole to the total energy
radiated during the regime II (plunge+merger+ringdown
phase) is E2l−pole ≈ 0.44(µ2/M)c2e−2l, so the total en-
ergy radiated to infinity in gravitational-waves is [4]:
∆Emerger =
∑
l≥2
∫
df
(
dE
df
)
2l−pole
≈ 0.01µ
2
M
c2. (11)
From all the above we can extract three important the-
orems:
1. the final gravitational-wave frequency of the inspi-
ral phase, fLSO, is lower than the peak frequency,
fpeak;
2. the energy emitted in gravitational-waves during
the total inspiral phase is larger than the energy
emitted in the final plunge-merger-ringdown phase;
3. the merger point can be set as the point where the
gravitational-wave spectrum, dE/df , reaches the
maximum value. Then,
fmerger ≡ fpeak, (12)
where fpeak is given by equation (6).
A. Angular momentum in the merger phase
It was shown in Ref. [7, 8] that the energy emitted
during the plunge of a test-particle into a black-hole is
affected by the initial angular momentum of the particle.
The total energy output in form of gravitational-wave
radiation was in Ref. [8] computed for selected initial
angular momenta of the particle (which correspond to
start the plunge of the particle from different orbits). It
is worth to notice that in the limit J = 0, the total energy
emitted approaches the numerical value obtained by [4]
[see equation (11)], namely the one of a radially infalling
particle, as expected.
The results of the numerical integration of [8] are well-
fitted (with a maximum error of ∼ 10%) by the phe-
nomenological function
∆Emerger ≈ ∆EJ=0merger[1 + 0.11 exp(1.53j)], (13)
where j ≡ cJ/(GµM) and ∆EJ=0merger is the energy radi-
ated by a particle falling radially given by equation (11).
Thus, from the knowledge of the angular momentum
at the LSO, we can infer the amount of energy emit-
ted during the final merger phase. The energy loss dur-
ing the regime II is therefore ∆Emerger ≈ 0.24(µ2/M)c2,
where we have used equations (11), (13), and the fact
that jLSO = cJLSO/(GµM) = 2
√
3 is the dimensionless
angular momentum of a test-particle in the LSO around
a Schwarzschild black-hole.
From the amount of energy emitted in this final plunge
phase, ∆Emerger given by equation (13), we can estimate
the angular momentum loss by the gravitational-wave
emission in the final plunging, ∆Jmerger, as
∆Jmerger ≈ ∆Emerger
pifLSO
, (14)
which leads to ∆Jmerger ≈ 3.81Gµ2/c.
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FIG. 3. Comparison of the amplitude spectral density of the
signal in the regimes I (dashed orange curve), II (gray dashed
curve) and the total signal (I+II, solid red curve) with the
one of the LIGO H1 noise (solid blue curve).
B. Analysis of GW 1509014
It is unfortunate that the signal around 150 Hz occurs
just at the limit of the sensitivity of LIGO, not allowing
a definite observational characterization of regime II (see
figures 3–5). Even so, we can proceed with our theoretical
analysis by assuming that the evolution of the system
follows the above theoretical plunge scenario, originating
in a binary system.
We estimate a frequency at maximum strain fobspeak =
144 ± 4 Hz where the uncertainties are due to the res-
olution of the discrete Fourier transform used to obtain
the spectrogram. By using the aforementioned theorem
3, we can estimate the total mass of the binary equating
the observed peak-frequency to the theoretical prediction
(7). We obtain the total mass in the detector frame:
Mobs =
10.36 kHz
fobspeak
M ≈ 72± 2 M, (15)
where the quoted errors are associated with the errors
in the determination of fobspeak. This value is to be com-
pared with the total mass in the detector-frame obtained
from the analysis based on numerical relativity tem-
plates, Mobs ≈ 70.3+5.3−4.8 M [11], namely, our estimate
is off only within a 2.4% of error with respect to the full
numerical relativity analysis.
From the knowledge of the chirp mass obtained from
regime I, and the total binary mass computed here above,
we can extract the mass-ratio of the binary. From the
definition of symmetric mass-ratio we have
ν =
µ
M
=
(
Mchirp
M
)5/3
≈ 0.24± 0.01, (16)
which leads to a mass-ratio
q =
m2
m1
=
4ν(
1 +
√
1− 4ν)2 ≈ 0.67+0.33−0.11, (17)
which is within the numerical relativity analysis value
q = 0.79+0.18−0.19 [11]. Thus, we obtain individual masses
mobsBH,1 =
Mobs
(1 + q)
≈ 43.1+4.3−7.9 M, (18)
mobsBH,2 =
q
1 + q
Mobs ≈ 28.9+6.3−5.9 M, (19)
which agree with the numerical relativity values mBH,1 =
39.4+5.5−4.9 M, mBH,2 = 30.9
+4.8
−4.4 M [2, 11].
With the knowledge of the mass of the binary and the
one of the binary components we can now estimate the
energy emitted in gravitational-waves using equations (4)
and (13) for the regime I and II, respectively. It turns out
that for this nearly mass-symmetric binary the two con-
tributions are almost equal with ∆Einspiral ≈ ∆Emerger ≈
1 M, so a total energy emitted ∆Etot ≈ 2 M.
It is worth to stress that the above will remain mere
theoretical speculations, unless the hypothesis of a binary
nature of the system is confirmed either by independent
astrophysical observations (as, e.g., in the case of binary
pulsars whose independent observation in the radio fre-
quencies has allowed tests of the general theory of rela-
tivity with unprecedented accuracy [14, 15]), or by direct
observations of the ringdown phase (see section V).
IV. MASS AND SPIN OF THE FORMED
BLACK-HOLE
In order to give an estimate of the newly formed black-
hole parameters, we can use both energy and angular
momentum conservation. Energy conservation implies a
mass of the newly formed black-hole
mBH ≈M − (1− 2
√
2/3)ν −∆Emerger/c2 (20)
≈Mβ(ν), (21)
where β(ν) ≡ [1− (1− 2√2/3) ν − 0.24ν2]. Angular
momentum conservation leads to
JBH = JLSO −∆Jmerger, (22)
which implies a dimensionless angular momentum of the
newly formed black-hole
α ≡ cJBH
Gm2BH
≈ 2
√
3ν − 3.81ν2
β(ν)2
. (23)
A. Analysis of GW 1509014
Putting together the equations (19), (20), (23), we ob-
tain a straightforward estimate of the parameters of the
5final black-hole:
mBH ≈ 70+2−2 M, α =
cJBH
Gm2BH
≈ 0.65+0.02−0.02, (24)
to be compared with the numerical relativity analysis
mBH = 62
+4
−4 M and cJBH/(Gm
2
BH) = 0.67
+0.05
−0.07 [2, 11].
V. DISCUSSION
There are two markedly different regimes in the evo-
lution of coalescing binary black-holes: I) the inspiraling
phase; II) the plunge and merger followed by the ring-
down phase of the newly formed black-hole. These two
regimes have to be constrained by observations with com-
parable accuracy. In such a case, our analysis shows that
it is possible to extract the parameters of the system, in-
dicated in [2], but from a much simpler analysis of the
two regimes in the test-particle approximation without
the need of sophisticated numerical simulations. This
is quite striking since we would expect that in the real
world our test-particle approximation should not be valid
in nearly mass-symmetric systems like the one proposed
in [2] to explain GW 150914.
The independent observational confirmation of the two
regimes and their subsequent matching is indeed essential
in order to evaluate:
1) the total mass of the system;
2) the binary nature of the system and the mass of
each binary component;
3) the formation of the black-hole horizon including
the multipolar structure of the ringing;
4) the energy radiated in gravitational-waves.
In absence of these verifications no conclusion can be
drawn about the nature of the system. It is therefore
unfortunate that the signal around 150 Hz occurs just
at the limit of the sensitivity of LIGO, not allowing a
definite characterization of regime II (see figures 3–5).
Under these conditions, regime I alone is not sufficient to
determine the astrophysical nature of GW 150914, nor to
assess that it was produced by a binary black-hole merger
leading to a newly formed black-hole.
VI. CONCLUSIONS
It is by now clear that the LIGO event GW 150914
represent an epochal event just a few weeks after the
first run of the advanced LIGO detector and occurring
in the most favorable conditions for detectability. The
current situation has manifested striking correspondence
between our theoretical prediction and the observations.
The confirmation by observing the late phase of coa-
lescence to a black-hole, the creation of an horizon, the
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FIG. 4. (Color online) Blue curve: theoretical waveform of
the binary black-hole coalescence used in [2] to explain GW
150914. Red curve: residuals from the subtraction of the
theoretical waveform to the filtered H1 detector time series.
We can see how the theoretical waveform after the first crest
after maximum is of the same order as the residuals, impeding
the characterization of the ringdown.
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FIG. 5. (Color online) Estimated signal-to-noise ratio of
regimes I (blue curve) and II (red curve) as described in
this work. We can see how the signal-to-noise ratio decreases
at the end of regime II impeding the characterization of the
ringdown. The frequency fmax is the maximum observed fre-
quency of the signal in each regime.
multipolar structure of the ringing (see figures 3–5) is now
open to further inquire in order to uniquely identify and
verify the astrophysical nature of the source. A quest for
search of previously discarded signals with lower values of
signal-to-noise ratio occurring not in the optimal region
of sensitivity nor with the optimal localization and direc-
tionality should be addressed. Also important is to focus
on the observation of merging processes leading either to
a more extended or less extended range of frequencies.
We can then conclude:
A) if these verifications in past or future observations
6will materialize, then we are in presence of an outstand-
ing scientific confirmation of the theoretical analysis we
here presented on the ground of three fundamental re-
sults: 1) the inspiral phase described in [3], 2) the plung-
ing, merger and ringdown phases described in [4, 5] (see
also [6] and appendices therein), and 3) the transition
from the quasi-circular inspiral phase to the final merger
described in [8].
B) On the other hand, if these verifications will not
succeed, the relevance of the present work will be of ser-
vice for inquiring on alternative sources not originating
from a black-hole created in a black-hole binary merger.
C) If this last alternative does not materialize, the
relevance of the present work will be more academic and
will focus on the perspective that GW 150914 is not of
astrophysical nature.
All these three possibilities, at the moment, have to be
addressed with equal vigor, each being equally epochal.
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